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Abstract 

Including lowest loop correction, the black-body radiation via the 
Born-Infeld theory of electrodynamics is obtained. The possible direct 
implications of the results on Cosmic Microwave Background map is ar- 
gued. 
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The Born-Infeld theory of electrodynamics is given by the Lagrangian density 

m 

C = -y^|det(7r;^, + + ^- det(7 r?,,,) (1) 

in which the second term is chosen so that the above Lagrangian reduces to 
Maxwell one in the limit 7 00. In above F^^i, ~ dfj_A^ — d^A^j^^ 77^,^ = 
diag (1, —1, —1, —1) as the spacetime metric, and 7 is a new constant with di- 
mension (energy)^. The original motivation to propose the non- linear theory 
above was to overcome the problem of infinite field strength and energy associ- 
ated with the point charge source pj. In particular, the electrostatic field of a 
spherically symmetric solution of the theory at the origin is finite and of order 
of 7. It is shown that the Born-Infeld theory, though non-linear, possesses exact 
plane- wave solutions [5] ■ 

The Born-Infeld theory has got a renewal interest since the discovery that 
the low energy effective theories that govern the massless vector modes of open 
string theories are of Born-Infeld type. In particular, at tree level the effective 
Lagrangian which depends on the abelian field strength F^^, but not on its 
derivatives sum up to the Born-Infeld one [3] . 

The purpose of this note is to study the problem of black-body radiation in 
the electrodynamics theory of Born-Infeld. Due to non-linear character of the 
theory we expect interaction among the photons. Including lowest loop correc- 
tion, we compute the deviation from the black-body radiation of Maxwell theory. 
The possible implications of the results on Cosmic Microwave Background map 
is argued. 

In 1 4- 3 spacetime dimensions the Lagrangian reduces to 

in which Q and P are given by 

Q= Ji^M.^^" = ^(B'-E2) (3) 

P=\ = E • B (4) 

with *F^i, = e^upaFf"^ / 2. Evidently the Lagrangian is invariant under the 
abelian gauge transformation A A + dh.^ for any differentiable function A(a;). 

The Lagrangian might be expanded for small values of 7"^, for which, by 
keeping the lowest orders, one gets 

C = ^\f,,F^'^ + 1^{Q^ + P^) + 0{^-^) (5) 

The first term above is simply the Maxwell term, by which the free theory is 
presented. The other terms introduce interaction among the photons. By the 
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Figure 1 : The 4- leg photon vertex. 



lowest order kept, in the language of Feynman diagrams, we have 4- leg vertex 
which is given by 



{p ■q){r- s) rj-^PrjP" + {p ■ r){q ■ s) r^^^'r^'^P + {p ■ s){q ■ r) ifPif 

+ p^'qf'rPs'' + p^qPrPs" + pPq''r''s>' - (s • r)p''qPr]''P - (s • p)q''r''ifP 
- (s • q)p''rPf]''P - {q ■ r)pPsPT]'"' - {p ■ r)qPs''r]^"' - {q ■ pyPs^r^P" 



(6) 

where the momenta and indices are introduced in Fig. 1. Also, the full quantum 
theory is given after adding gauge fixing term, which may be taken as usual 
— \{d-AY, and the corresponding ghost sector. Since in the present theory the 
gauge group is abelian, the ghosts do not interact with the photons, hence the 
ghost sector simply can be integrated out. 

Since the coupling constant has negative mass dimension, the present 
theory, as a quantum field theory, is not renormalizable. This suggests that the 
proper interpretation of the Born-lnfeld theory would be as an effective theory 
of an underlying finite or renormalizable theory, a picture that is supported 
by the string theory calculations [5]- In lack of the full underlying theory one 
might try to explore implications of the Born-lnfeld theory at higher orders of 
perturbation, for which one has to give a recipe for the problem of infinities. As 
mentioned, here we consider the black-body radiation problem, and the natural 
framework for dealing with the interaction contribution is finite temperature 
field theory |31[S]. As known, and we will see in more detail below, the problem 
of infinities finds a natural solution in this framework [11 [5]. According to the 
recipe, the regulated finite temperature expressions are given simply after the 
subtraction of the zero temperature counterpart expressions [5j. By this, the 
study of thermodynamical properties may give a basis to explore the implica- 
tions of the effective theory at higher order of perturbations. 

At 1-loop order (no vertex), the free Maxwell theory, plus the contribution 
from the ghost sector, simply give the standard Planck expression for black- 
body radiation. The first contribution from interactions comes at 2-loop (one 
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vertex). As mentioned, to get the relevant regulated contributions one subtracts 
an altered form of the diagrams, the so-called parenthesized diagrams, from the 
original ones. At 2-loop order by "parenthesized" we simply mean that in one 
of the loops we send temperature to zero [SI [Sj ■ In the present case we have the 
contribution from the following diagrams [51 [S] 




Figure 2: a) the original 2-loop diagram, b) the parenthesized version of a). 
Using the identity 

e^"'P''e^^''^ = -2{'nf"'r]''^ - r^P^r^"") (7) 

the original diagram (Fig. 2a), in units c = ?i = fee = 1, is associated with the 
expression 

ig. ^ 1 [ A^P [ d^q l^l^/ 8(p-g)^ \ 

•^2-loop j (2^)3 j (2^)3 p2^pl^\ p2q2 + ') l«i 

zip /tg 

in which j3 = is the inverse of the temperature, and 4-vectors p and 5 
have the general form of fc = (27rinfeT, k), with taking all integer values. In 
the parenthesized form of the diagram one takes the limit (3 00 va one of the 
summations of the above expression, turning the integer variable to a continuous 
one [B]. Following [B], one can transform the summations to integrals in the 
complex-plane 

Tj:^ m - 2.^nT) =- j dfco ^^^^^^^^ _ J /(feo) + /(-^o)] 

+ — / dfco/(fco), with e ^ 0+ (9) 

We mention that the second term is independent of temperature, and survives 
in the limit /? ^ 00. The first term can be calculated by the residues at the 
poles of the function f{ko) in the right half-plane. 
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By using above one finds for the original diagram 



1 /■ d^p /■ d^g 



2 — loop 



872 ] (27r)3 ] (27r) 



„Ar +7V r 

. 2—5^ i (wpw^ - p • q) + (^^pt^9 + p • q) 

LUpLUq I 

- 00 terms independent of T 



(10) 



in which A'^fc = ( exp(/3a-'fc)— l) ^jwithcjfc = |k|. After subtracting parenthesized 
diagram, the contribution from 2-loop order to the free-energy per unit volume 
is found 



-'2— loop — 2 



Using 



72 J (27r)3 J (27r)3 
+ 00 terms independent of T 

00 .,2^+1^^ 



UpLUq 



1 



(2m + 1)! C(2m + 2) 



(11) 



(12) 



with C,(t) as the Riemann zeta-function, one can do the integrations over d^q 
oj'^dujqdVlq and dJlp to get 



rp4 



2 — loop 



457270 exp(/3a;) - 1 



The internal energy per unit volume is then given by 

U = T + f3dpT 



duj U{uj) 



for which we find 



C^2-loop(w) — — 



rp4 



45 Y 



/Suj exp(/3ti;) 



exp(/3cj) 



(exp(/9ci 



1)2 



(13) 

(14) 
(15) 

(16) 



as the energy per unit volume in the frequency interval (w, co + du). In fact this 
expression gives the correction to the standard Planck expression 



Using dm) and 



[^Planck (w) 



(e'' - 1)2 



7r2 exp(/3a;) — 1 



(2m + 2)! C(2m + 2) 



(17) 
(18) 
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one finds the correction to Stefan's law 



C/=-,„.p = -J^T» (19) 

Although it is hard to imagine that the deviations from Maxwell theory can 
be detected in a laboratory black-body radiation, one may look for an indica- 
tion of deviations in the signals we are getting from the extremely hot seconds 
of early universe. In fact, the energy scale that one expects for relevance of 
possible deviations is as much as high that suggests maybe it has been avail- 
able for particles only in the early universe. So an excellent way to test the 
current theories would be the study of what are left for us as early universe's 
heir, the most important among them the Cosmic Microwave Background ra- 
diation. The reason is, CMB map is just a tableau of events which happened 
at the first epochs of universe, at the decoupling era or much earlier, when the 
energies were sufficiently high to make relevant possible deviations. Based on 
this way of reasoning, there have been several proposals for this kind of studies, 
among them one may call, 1) exploring the consequences of space-time uncer- 
tainty relations of the form At Ax > 11 in the context of inflation theory and 
its implications on CMB data [7], 2) the efforts to formulate and study the 
noncommutative versions of inflation theory [3 19] , 3) the direct consequences of 
space noncommutativity on CMB anisotropy [10] , 4) the study of theories with 
noncommutative electromagnetic fields - that is considering the fields, rather 
than the coordinates, noncommutative - which may cause anisotropy on CMB, 
as well as the pattern we expect to see in polarized CMB data [llj . 

Much efforts are currently being devoted to examining the CMB temperature 
pattern measured with the Wilkinson Microwave Anisotropy Probe (WMAP) 
[T^ as well as the new launched Planck Observatory [13] . It would be extremely 
important if the present and forthcoming data indicate any significant evidence 
for deviations from Maxwell theory of clcctromagnetism. In particular, due 
to the mentioned relation between Born-Infeld type theories and string theory 
calculations [3] , comparison with the expectations from Born-Infeld theory may 
provide a basis for an indirect test of string theory. 
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